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“Confusion will be my epitaph.”
Peter Sinfield.
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In this thesis, we explore the possibility to define black hole mass in terms of the Weyl
tensor for the entire family of Lovelock-AdS gravity theories. The level of degeneracy k
of the corresponding vacuum fixes the number of curvatures that should appear in the
energy formula. Therefore, the charge expression which is a polynomial of maximal de-
gree in the curvature, can be consistently truncated to an order k in the Weyl tensor. In
particular, for the maximally degenerate case in odd dimensions (Chern-Simons AdS) the
expression identically vanishes and the mass must come from the formula that, in the
other cases, produces the vacuum energy.
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11 Introduction
Black hole thermodynamics, introduced in early seventies [1, 2, 3, 4], links classical as-
pects of gravity with underlying properties of a possible quantum theory of gravity. It has
stimulated the development of plenty of techniques in order to analyze the behavior of
black holes and obtain relevant information about the quantum aspects of them. One of
the most remarkable result is the area law for the entropy of a black hole (in fundamental
units)
SB H = A
4
(1.1)
where A corresponds to the area of the black hole horizon. Inspired by this result, ’t Hooft
and Susskind proposed the Holographic Principle [5, 6] where the information about the
(quantum) gravity states is encoded in a lower-dimensional theory at the boundary. A
concrete realization of this idea was conjectured by Maldacena [7], improved by Witten
[8] and Gubser et al. Gubser:1998bc, in the so-called Anti-de Sitter/Conformal Field The-
ory (AdS/CFT) correspondence. The duality suggest that there is a one-to-one relation
between correlators in N = 4 Super Yang-Mills theory in the large N limit and type IIB
10-dimensional supergravity (SUGRA) on AdS5×S5 background. A precise holographic
dictionary has been formulated [9, 10, 11, 12] producing relevant results. A remarkable
example was derived by Policastro, Son and Starinets [13] where they computed the shear
viscosity of quark-gluon plasma using a non-extremal black three-brane as holographic
dual.
Nevertheless, holographic properties of higher-curvature gravity theories are still un-
clear. That is the case of Lovelock-AdS gravity theories [14] which arises naturally from the
low energy limit of string theory [15]. The rich AdS vacua structure and similar properties
to Einstein AdS gravity has motivated the study of this family of theories for holographic
applications.
In particular, Lovelock Unique Vacuum theories [16, 17] are obtained by a proper
choice of coupling constants in the Lovelock lagrangian. They possesses a unique AdS
vacuum and thereby, they are degenerate theories. It has been shown that linearization
around a fixed background in such theories breaks down and thus, it is not possible to
properly identify the graviton as a propagating field [18, 19]. As a matter of fact, the holo-
graphic implications of the degeneracy are not well understood and further insights of its
role is needed.
In this thesis, we focus on the definition conserved charges of Lovelock-AdS theories and
the explicit connection of them with the degeneracy of the corresponding branches. It is
organized as follows:
In chapter 2, we review some basics concepts in anti-de Sitter spacetimes and their
connection to gauge/gravity correspondence. We will also present, in a summarized way,
the standard recipe for holographic renormalization and obtaining correlation functions.
This chapter is in part based on [20, 21].
In chapter 3, we introduce a generic Lovelock Lagrangian and we particularize the the-
ory in order to contain AdS solutions. We also obtain the degeneracy condition of order k
2 Chapter 1. Introduction
for a vacuum solution of the equation of motion. Then, we analyze the asymptotic behav-
ior for static black holes in Lovelock-AdS gravity, generalized for any level of degeneracy.
The explicit falloff of the solution will allow to evaluate the on-shell Weyl tensor and com-
pare it with the AdS curvature.
In chapter 4, we introduce the Kounterterm method and the Noether theorem for
diffeomorphism-invariant theories. Using the results for Lovelock-AdS action, we express
the conserved charges in terms of a power of the Weyl tensor, arriving at the final mass
formula [22].
Finally, in chapter 5, we provide some concluding remarks and we foresee future di-
rections of our work.
32 Asymptotically AdS spacetimes and
gauge/gravity duality
General Relativity was formulated by Albert Einstein and published in 1915 [23]. The dy-
namics of the theory is described by the equation
Eµν =Rµν− 1
2
Rgµν+Λgµν = 8piGTµν , (2.1)
where Λ is the cosmological constant, G is the Newton constant and Tµν the energy-
momentum tensor of the matter fields. Basically, the equation shows how the matter
affects the geometry of the spacetimes and how the geometry backreacts to affect the way
matter is moving. However, the dynamic content of the theory is not enough for an entire
description of it. David Hilbert, in parallel to Einstein, constructed the action principle
for General Relativity, of what today is called Einstein-Hilbert action. In a D-dimensional
manifoldM without considering matter
IE H = 1
16piG
∫
M
d D x
p−g (R−2Λ) , (2.2)
with the volume element
p−g where g is the determinant of the metric gµν. For arbitrary
variations of the action with respect to the field, i.e., the metric will produce the equations
of motion (2.1). The solutions of these equations have been extensively studied being Karl
Schwarzschild in 1916 the first in giving a solution: the Schwarzschild black hole. Just
by considering a spherically symmetric stellar (or massive) object, Schwarzschild proved
that symmetries on the spacetime are enough to find an explicit solution that satisfies the
Einstein’s equations. Nevertheless, one could ask if there exists a way to construct a vac-
uum configuration with the maximum number of isometries without being trivial. The
easier answer would be the flat spacetime and which is solution to Einstein’s theory by
simple consistency with special relativity. At least if we consider a Minkowski spacetime
in D-dimensions, where the cosmological constant vanishes, and we count the number
of isometries, we are going to find that there are D(D+1)/2 Killing vectors ξµ from where
we can distinguish D(D −1)/2 boosts and D quasitranslations. Now, we could try to find
a new solution with the same number of Killing vectors but including cosmological con-
stant. The answer will be a constant curvature spacetime proportional to the cosmologi-
cal constant
Rµναβ =
Λ
D(D−1)
(
gµαgνβ− gµβgνα
)
. (2.3)
It is obvious from here that the value of Λ defines the sign of the curvature for the space-
time. In fact, the cosmological constant is related to the characteristic length of the radius
` of the space as
Λ=± (D−1)(D−2)
2`2
. (2.4)
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A positive cosmological constant and, therefore, positive curvature corresponds to de Sit-
ter (dS) spacetime named in honour to Willem de Sitter who discussed the possibility to
describe an expanding universe.
On the other hand, a negative cosmological constant and, thus, negative curvature
defines what is called an anti-de Sitter (AdS) spacetime.
Even though observational results suggest that our universe has a small positive cos-
mological constant as dS spacetime, the interest of many theoretical physicist have fo-
cused on AdS spacetimes by the appearance of gauge/gravity duality.
Following this line, we are going to review few aspects of AdS spacetimes, their conformal
structure and the link to AdS/CFT correspondence.
2.1 AAdS spacetimes
The global anti-de Sitter spacetime in D = d+1 dimensions and Lorentzian signature can
be defined as the following quadratic form embedded in (D +1)-dimensional flat space
with signature (−,+, · · · ,+,−) which is invariant under the action of the group SO(d ,2)
− (x0)2+ (x1)2+·· ·+ (xd )2− (xd+1)2 =−`2 . (2.5)
The corresponding line element, written in the embedding Rd+2
d s2 =−(d x0)2+ (d x1)2+·· ·+ (d xd )2− (d xd+1)2 . (2.6)
The quadratic form, subjected to the constraint (2.5), can be rewritten in the local coordi-
nates. For instance, there are two particular choices useful for holographic applications.
Let us start with global coordinate patch which covers the entire spacetime and it is given
by
x0 = `cos(t )cosh(ρ)
xi = `sinh(ρ)Ωi (2.7)
xd+1 = −`sin(t )cosh(ρ)
where i = 1, . . . ,d −1, t ∈R andΩi parametrizes a unit Sd−1. Thus, the metric becomes
d s2 = `2 (−cosh2(ρ)d t 2+dρ2+ sinh2(ρ)dΩ2d−1) . (2.8)
A simple change of coordinates tan(θ)= sinh(ρ) such that θ ∈ [0, pi2 ] yields
d s2 = `
2
cos2(θ)
(−d t 2+dθ2+ sin2(θ)dΩ2d−1) . (2.9)
Evidently, the last metric is conformally equivalent to a solid cylinder whose boundary is
located at θ = pi2 . Nevertheless, the conformal factor in front induces a pole of order two
(singularity), on the asymptotic boundary, implying that the metric does not admit a good
boundary description.
There is a second useful coordinate system. It does not cover the entire spacetime but
only a portion of it, called as the Poincaré patch. In fact, we need at least two patches in
order to obtain the whole atlas of the manifold. The Poincaré patch is defined by local
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coordinates
xi = `x
i
z
,
xd = `
2
1−x2− z2
z
, (2.10)
xd+1 = `
2
1+x2+ z2
z
.
Now, i = 0, . . . ,d−1 and x2 = ηi j xi x j . In the embedding, the line element for the Poincaré
patch becomes
d s2 = `
2
z2
(
d z2+ηi j d xi d x j
)
. (2.11)
A difference with the previous cases is that the metric is conformally flat and it only covers
a triangle on the global patch. Yet, the problem of the divergent behavior at the boundary,
now located at z = 0, persists. Alternatively, we should notice that the metric is finite up
to a conformal factor
gˆ = z2g , (2.12)
where gˆ is called defining metric which now is smooth at z = 0. The new (conformal)
boundary metric is
g(0) = z2g |z=0 . (2.13)
In fact, the entire family of spaces that defines a conformal structure at the boundary
within a specific topology R× SD−2 is called asymptotically anti-de Sitter (AAdS) spaces
[24, 25].
Let us take a more general metric in Gaussian coordinates (see Appendix B) such that the
defining function is in the radial direction z
d s2 = 1
z2
(
d z2+ gi j (x, z)d xi d x j
)
, (2.14)
where hi j (x, z) is smooth at the boundary z = 0 by construction. Therefore, it can be
expanded in a power series near the boundary as
gi j (x, z)= g(0)i j + zg(1)i j + z2g(2)i j + . . . . (2.15)
In General Relativity, odd powers in z are absent, making it easier to work in the Fefferman-
Graham frame [26] introducing ρ = z2. Then
d s2 = `
2
4ρ2
dρ2+hi j (x,ρ)d xi d x j . (2.16)
The induced metric has the pole 1/ρ, that is, hi j (x,ρ)= gi j (x,ρ)/ρ where gi j (x,ρ) can be
expanded in power series around ρ = 0
gi j (x,ρ)= g(0)i j +ρg(2)i j +ρ2g(4)i j +·· · . (2.17)
Due to the fact that Einstein’s equations are second order differential equations, it is nec-
essary to specify the initial data given by g(0)i j . Thereby, we can solve the equations it-
eratively in ρ [27]. However, the initial data it is not enough to determine the coefficient
g(d/2) entirely. This near-boundary analysis plays an important role in the renormaliza-
tion of the AdS action and obtaining holographic quantities as correlation functions and
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anomaly.
2.2 Basic aspects of AdS/CFT correspondence
As was pointed out above, one of the main interests to pursuit a suitable understanding
of gravity theories with AdS asymptotics lies on the Maldacena conjecture. Concretely,
for a supergravity theory in a low energy regime with action I [Φ] withΦ as the bulk fields,
parametrized byΦ(0) on the boundary, the partition function supplemented by the corre-
sponding boundary conditions [28] is
ZSUGR A[Φ(0)]=
∫
Φ∼Φ(0)
DΦe−I [Φ] = 〈exp
− ∫
∂A AdS
Φ(0)O
〉
C F T
, (2.18)
where the right hand side corresponds to the partition function of a CFT on the boundary
with operator O sourced byΦ(0). Basically, there is a one-to-one correspondence between
fields propagating in the bulk on AdSd+1 and the operators O of a CFT defined at the
conformal boundary of AdS. In the saddle-point approximation, the partition function
ZSUGR A ∼ exp(−Ion−shel l ), thus
Ion−shel l [Φ(0)]=−WC F T [Φ(0)] , (2.19)
in which WC F T is the quantum effective action of the CFT or the generating function of
connected graphs. Knowing the generating function, it is straightforward obtaining the
correlation functions of the operator O determined by functional variations with respect
to the source
〈O (x)〉 =−δWC F T (Φ(0))
δΦ(0)(x)
∣∣∣
Φ(0)=0
, (2.20)
or in general an n-point function in the AdS/CFT prescription
〈O (x)〉 = δIon−shel l (Φ(0))
δΦ(0)(x)
∣∣∣
Φ(0)=0
〈O (x1)O (x2)〉 = −
δ2Ion−shel l (Φ(0))
δΦ(0)(x1)δΦ(0)(x2)
∣∣∣
Φ(0)=0
(2.21)
〈O (x1) · · ·O (xn)〉 = (−1)n+1
δn Ion−shel l (Φ(0))
δΦ(0)(x1) · · ·δΦ(0)(xn)
∣∣∣
Φ(0)=0
Nonetheless, we already said that the metric is large-distance (or IR) divergent, implying
also that the gravitational on-shell action is divergent which is seen as UV divergence
of the CFT in the duality dictionary. A renormalization scheme which removwes these
divergences becomes a necessity in order to obtain finite physical quantities.
2.3 Action principle and holographic energy-momentum
tensor
In a manifold with boundary, the Einstein-Hilbert action has to be supplemented with an
additional term in order to have a well-defined variational principle. If we vary the EH
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action, we find
δIEH = 1
16piG
∫
M
d d+1x
p−g E µν (g−1δg )νµ+
1
16piG
∫
∂M
d d x
p
−hΘ , (2.22)
where the last term has been already integrated in the radial coordinate, hi j is the induced
boundary metric andΘ= nµδ[µν][αβ]gβρδΓανρ is a scalar density of the boundary term. Using
Gauss-normal coordinates (see Appendix B), nµ = (N ,~0), the on-shell variation becomes
δIE H = 1
16piG
∫
∂M
d d x
p
−h
(
2δK +K ij (h−1δh) ji
)
. (2.23)
The first term corresponds to variation of the extrinsic curvature (B.2), i.e, normal deriva-
tives of the metric and the second variations with respect to the boundary metric. Dirich-
let boundary conditions corresponds to keeping the induced metric fixed on the bound-
ary, δh = 0. In the General Relativity case, this is not sufficient to properly define the
variational principle because of the presence of δK . Instead, York and later on Gibbons
and Hawking [29, 30] proposed the addition of a boundary term that trades off δK by δh.
In that way, the action that satisfies Dirichlet boundary conditions is
IDirichlet =
1
16piG
∫
M
d d+1x
p−g (R−2Λ)− 1
8piG
∫
∂M
d d x
p
−h K . (2.24)
The variation of the Dirichlet action with respect to the boundary action produces the
quasilocal stress tensor [31, 32, 33]
T i j = 2p−h
δIDi r i chlet
δhi j
(2.25)
which is covariantly conserved at the boundary ∇i T i j = 01. Even so, this definition of en-
ergy, in AAdS spacetimes, diverges due to the fact that the induced metric has a pole at
the boundary ρ = 0 reflecting an ill-defined Dirichlet problem for hi j .
The standard procedure to adress this problem in asymptotically AdS spaces was pre-
sented in [11, 10, 34, 27] following the same idea of renormalization in quantum field
theories. This has been extended to other asymptotic behaviors [35, 36].
If we consider the conformal boundary at certain cutoffρ = ² in the Fefferman-Graham
frame (2.16), we can expand the metric near the horizon ρ = 0 given by eq.(2.17) where
the first term g(0)i j corresponds to the initial data in the holographic reconstruction of
the spacetime. In the AdS/CFT dictionary, the term g(0)i j is a source of the CFT. There-
fore, the functional variation of the action with respect to g(0)i j will give an observable in
the dual CFT. Using the source, one can identify the divergent contributions in the action
and its variation as combinations of the coefficients g(k)i j of the expansion. Nevertheless,
these coefficients are not covariant from the point of view of the bulk manifold, and it is
necessary to invert the series in terms of covariant functionals of gi j (x,ρ). In that way, we
can write a series of intrinsic local counterterms as a boundary term. Added on top of the
1The covariant derivative ∇i is defined with respect to the induced metric at the boundary hi j
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Dirichlet action, it produces a finite action
Iren = IDirichlet+
∫
∂M
d d x
p
−hLct(h,R,∇R) , (2.26)
whereRi jlk (h) is the intrisic curvature of the boundary. Now, we can obtain the one-point
function, as was anticipated, taking variations with respect to g(0)i j for which there is a
well-defined Dirichlet principle
〈T i j (g(0))〉 = 2p−g(0)i j
δIren
δg(0)i j
= lim
ρ→0
(
1
ρd/2−1
T i j [h]
)
. (2.27)
This last quantity is known as the holographic energy-momentum tensor [10]. The energy-
momentum tensor contains important holographic information that characterizes the
dual CFT. In particular, the conformal anomaly that appears in even dimensional CFTs
(odd dimensional bulk) can be computed by tracing the stress tensor.
The extensions of the holographic renormalization procedure to gravity theories with
higher-order curvature contributions as Quadratic Curvature Gravity or for instance, Lovelock-
AdS gravity, are particularly involved and there is no close form for the complete series of
counterterms. Instead, we are going to use an alternative scheme, named as Kounterterm
method, to renormalized the Lovelock AdS action and obtain finite conserved quantities.
93 Lovelock-AdS gravity
Despite the success in the predictions of General Relativity since its formulation in 1915,
there are still unclear aspects of the spacetime and many modified theories of gravity have
been proposed with the intention to achieve a better description of our Universe.
In the gauge/gravity picture, as it was shown in the previous chapter, theories with second-
order field equation require a minimal set of holographic data.
In this way, one of the most natural modifications that preserves this property was pro-
posed by Cornelious Lanczos [37] in 1938. He considered a precise combination of quadratic
terms in the curvature whose variation gives second-order equation of motions
LGB =p−g
(
R2+RµναβRµναβ−4RµνRµν
)
. (3.1)
This last Lagrangian, known as Gauss-Bonnet (GB) term, is dynamical in D > 4. In fact,
for D = 4, the GB term is topological and it does not produce equations of motion.
Many years later, David Lovelock [14] generalized the idea of Lanczos, considering a series
of dimensionally continued Euler densities
Lp = 1
2p
δ
µ1···µ2p
ν1···ν2p R
ν1ν2
µ1µ2 · · ·R
ν2p−1ν2p
µ2p−1µ2p , (3.2)
where δ
µ1···µ2p
ν1···ν2p is the generalized Kronecker delta of order p (see Appendix A). The densi-
ties that contribute to the dynamics exists only up to p =N = [(D−1)/2] curvature powers
and the entire action can be written as an arbitrary linear combination of them
I = 1
16piG
∫
M
d D x
p−g
N∑
p=0
αpLp . (3.3)
In even dimensions, the last term of the series does not contribute to the dynamics of the
theory, i.e, it is an Euler topological invariant, similarly to the GB term (p = 2) in D = 4.
The equations of motion read as
E
µ
ν =
N∑
p=0
αp
2p+1
δ
µµ1···µ2p
νν1···ν2p R
ν1ν2
µ1µ2 · · ·R
ν2n−1ν2p
µ2p−1µ2p = 0, (3.4)
where αp are, in principle, arbitrary coupling constants. There are different criteria to
choose them, and one of them would be to maximize or constraint the degrees of free-
dom of the theory [38]. For a given dimension, a generic Lovelock gravity has the same
number of degrees of freedom as General Relativity in the same dimension [39]. In par-
ticular cases, however, a number of degrees of freedom can change [40] as a consequence
of additional symmetries [41, 42].
Besides, they play an important role in avoiding pathologies such as presence of ghosts,
instabilities and causality issues in the AdS/CFT framework [15, 43, 44, 18].
The theory can be seen as a generalization to Einstein gravity, to include higher-curvature
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corrections if we identify the first two couplings as α0 =−2Λ and α1 = 0 that yields
I = 1
16piG
∫
d D x
p−g
(
R−2Λ+
N∑
p=2
αp
2p
δ
µ1···µ2p
ν1···ν2p R
ν1ν2
µ1µ2 · · ·R
ν2p−1ν2p
µ2p−1µ2p
)
, (3.5)
and whose variation in D > 4 leads to
E
µ
ν =Rµν −
1
2
Rδµν+Λδµν−Hµν = 0. (3.6)
Here Hµν is the generalized Lanczos tensor
Hµν =
N∑
p=2
αp
2p+1
δ
µµ1···µ2p
νν1···ν2p R
ν1ν2
µ1µ2 · · ·R
ν2n−1ν2p
µ2p−1µ2p , (3.7)
as it includes all higher-curvature corrections to the Einstein tensor with cosmological
constant. Nevertheless, the parameters are completely arbitrary and different families
of theories can arise by a proper of choice them. At least, we can distinguish two more
cases of interest: Pure Lovelock (PL) theories [45, 46] and Lovelock Unique Vacuum (LUV)
[16, 17].
On the first place, PL theories are obtained turning off the Einstein-Hilbert term, α1 = 0,
and leaving only the cosmological constant, α0 6= 0 and a particular Lovelock term with
p curvature, αp 6= 0. On the other hand, LUV theories are defined by requiring that there
is only one and unique constant curvature solution in the theory, implying that all the
coupling constants α are functions of only one parameter, α which plays the role of the
strength of gravitational interaction.
We are going to discuss properties of these theories in the coming sections.
3.1 Constant-curvature solutions and vacuum degeneracy
Another interesting feature of Lovelock theories of gravity is the rich structure of max-
imally symmetric solutions. The higher-order curvature terms, in general, modify the
characteristic radius ` of the bare vacuum solution of EH. Instead, a particular vacuum is
defined in terms of an effective radius `eff. For Lovelock gravity with negative cosmologi-
cal constant, the equation of motion can be cast in the form
δ
νν1···ν2p
µµ1···µ2p
(
Rµ1µ2ν1ν2 +
1
`(1)2eff
δ
µ1µ2
ν1ν2
)
· · ·
(
R
µ2n−1µ2p
ν2p−1ν2p +
1
`(N )2eff
δ
µ2n−1µ2p
ν2p−1ν2p
)
= 0, (3.8)
where `(i )eff, with i = 1, · · · , N , are effective AdS radii which are not necessarily different. A
particular global AdS space within a particular branch, with effective radius `eff, is given
by
Rµν
αβ
=− 1
`2eff
δ
µν
αβ
. (3.9)
If we insert this condition into the equation of motion (3.6), we will obtain a polynomial
of order N in `−2eff ,
∆(`−2eff )=
N∑
p=0
(D−3)! (−1)p−1αp(
D−2p−1)!
(
1
`2eff
)p
= 0, (3.10)
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such that each root of∆ defines particular sectors of the theory in the space of parameters
αp . A polynomial of order N with N different solutions defines the existence of non-
degenerate theories. Therefore, it exists an entire set of parameters αp which possess
vacua with multiplicity one. In terms of the effective AdS radius, it is equivalent to the
condition
∆′(`−2eff )=
N∑
p=1
(D−3)! (−1)p−1pαp
(D−2p−1)!
(
1
`2eff
)p−1
6= 0, (3.11)
what we will refer to as degeneracy condition of order 1. We can further understand this
condition with a simple example. Let us consider the case of Einstein-Gauss-Bonnet AdS
gravity in D ≥ 5. We set p = 2 and α2 =α in Hµν . The polynomial (3.10) reads
α(D−3)(D−4) 1
`4eff
− 1
`2eff
+ 1
`2
= 0, (3.12)
leading to the effective AdS radii
`(±)2eff =
2α(D−3)(D−4)
1±
√
1− 4α(D−3)(D−4)
`2
. (3.13)
EGB AdS gravity, therefore, has two simple, different AdS vacua in the range of Gauss-
Bonnet coupling α< `24(D−3)(D−4) , that is,
`(+)2eff 6= `(−)2eff . (3.14)
When α > `24(D−3)(D−4) , the AdS branch does not show up. The theory presents a critical
point at α = `24(D−3)(D−4) where there is only one degenerate vacuum of multiplicity two
with the radius
`(+)2eff = `(−)2eff =
`2
2
, (3.15)
and that satisfies ∆′ = 0. In five dimensions, the EGB gravity at the degenerate point in
the space of parameters becomes Chern-Simons gravity, which has an enhanced gauge
symmetry from Lorentz to AdS.
Clearly, for Lovelock-AdS theory, ∆′ = 0 imposes an obstruction to the linearization of the
equation of motion. We can prove this by considering a small metric perturbation around
a given global AdS branch. The presence of the perturbation is reflected on the curvature
Rµν
αβ
=− 1
`2eff
δ
µν
αβ
+δRˆµν
αβ
, (3.16)
where δRˆ is the contribution coming from the perturbation. Inserting this into the equa-
tion of motion, at the linear order one obtain
E
µ
ν =∆′(`−2eff )δ
µµ1µ2
νν1ν2 (δRˆ)
ν1ν2
µ1µ2 +O ((δRˆ)2) . (3.17)
From here, it is clear that the linear order vanishes when ∆′ = 0. However, it is not the
only information that one can extract from this result. The impossibility to define the
linear order of the expansion also reflects the obstruction in the definition of a propagat-
ing graviton [18, 47] and computation of the black hole mass with perturbative methods
[48, 49, 50]. Furthermore, the sign of ∆′ determine the sign of the kinetic term in the
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wave equation [15]. Holographic arguments indicate that the requirement ∆′ > 0, which
classically implies absence of ghost (or negative energy modes), is analogous to demand
unitarity on the CFT side [19].
The existence of theories where vacua have higher multiplicity (∆′ = 0) suggest the possi-
bility of generalizing the result. Indeed, a theory with a vacuum with multiplicity k satis-
fies the condition that all the derivatives of ∆ vanishes up to order k being the k-th one
different than zero. Namely,
∆(q)(`−2eff ) =
1
q !
d q∆
d(`−2eff )
q
= 0, for q = 1, ...,k−1,
∆(k)(`−2eff ) =
N∑
p=k
(
p
k
)
(D−3)! (−1)p−1αp (`−2eff )p−k
(D−2p−1)! 6= 0. (3.18)
Theories with unique AdS radius (LUV) ` = `eff have the maximal degeneracy when k =
N . In even dimensions D = 2n (k = n−1), corresponds to Born-Infeld-AdS gravity. The
coupling constants have a particular form
αp =
(
n−1
p
)
2n−2(2n−2p−1)!
`2(n−p−1)
,0≤ p ≤ n−1. (3.19)
In odd dimensions D = 2n+1 (k = n), the maximal degenerate case is Chern-Simons-AdS
with
αp =
(
n
p
)
2n−1(2n−2p)!
`2(n−p)
(
n
p
)
,0≤ p ≤ n . (3.20)
Even though these two theories seems to have similar properties, their asymptotic behav-
ior, local symmetries and the number of degrees of freedom differ.
In the next section, we study the falloff of static solutions in Lovelock-AdS theory with
degeneracy k.
3.2 Static Black Holes
Spherically symmetric black holes are one of the most simple solutions to any gravity
theory. They are described by the following ansatz
d s2 =− f (r ) d t 2+ 1
f (r )
dr 2+ r 2σmn(y)d ymd yn , (3.21)
where σnm (m,n = 1, · · · ,D − 2) is the metric of the transversal section of constant cur-
vature κ = +1,0,−1 . In Lovelock gravity, the metric function f (r ) is given an algebraic
master equation [15, 51, 52] that is the first integral of the gravitational equations of mo-
tion,
N∑
p=0
αp (D−3)!
(D−2p−1)!
(
κ− f (r )
r 2
)p
= µ
r D−1
, (3.22)
and which µ is the integration constant related to the mass of the black hole. For global
AdS spaces, we have
f (r )AdS = κ+
r 2
`2eff
. (3.23)
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In asymptotically AdS spaces, f (r ) has to behave as
f (r )= κ+ r
2
`2eff
+²(r ) , (3.24)
with ²(r ) a function with sufficiently fast falloff, such that global AdS space is recovered
(3.23) for large distances. Inserting this into the master equation and Taylor expanding in
1/r , we find
µ
r D−1
=
N∑
p=0
(−1)p (D−3)!αp(
D−2p−1)!
(
1
`2eff
+ ²
r 2
)p
=
N∑
q=0
N∑
p=q
(−1)p (D−3)!αp(
D−2p−1)!
(
p
q
)(
1
`2eff
)p−q ( ²
r 2
)q
, (3.25)
or equivalently
µ
r D−1
=
N∑
q=0
∆(q)
( ²
r 2
)q
, (3.26)
where ∆(q) is given by eq.(3.18). Furthermore, we can expand the series knowing that, for
a k-degenerate vacuum, the first non-vanishing term is ∆(k). Then
µ
r D−1
=∆(k)
( ²
r 2
)k
+∆(k+1)
( ²
r 2
)k+1
+·· · . (3.27)
It can also be shown that, if ∆(k+1) = 0, then all ∆(q) = 0 for q > k. Having this expansion,
we can assume an explicit asymptotic behavior for ²(r ) of the form, we get
²(r )= A
r x
+ B
r y
+·· · , y > x > 0, A 6= 0, (3.28)
where A, B , x and y are coefficients to be determined. Replacing this last equation into
(3.27) and expanding as a binomial form
µ
r D−1
=∆(k)
(
Ak
r (x+2)k
+ k A
k−1B
r (x+2)(k−1)+y+2
+·· ·
)
+∆(k+1)
(
Ak+1
r (x+2)(k+1)
+·· ·
)
. (3.29)
Clearly, from the leading order, we find
µ
r D−1
=∆(k) A
k
r (x+2)k
, (3.30)
and by a simply comparison
x = D−2k−1
k
, A =
(
− µ
∆(k)
) 1
k
. (3.31)
Notice that the mass parameter may be negative. For the subleading contributions, one
obtains
0=∆(k)
(
k Ak−1B
r (x+2)(k−1)+y+2
+·· ·
)
+∆(k+1)
(
Ak+1
r (x+2)(k+1)
+·· ·
)
. (3.32)
There are three possible cases for the coefficients A,B :
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a) When A = B = 0, the solution becomes the vacuum state of the theory µ= 0, i.e, we
recover the global AdS space.
b) When A 6= 0 and B = 0, the solution exists only if ∆(k+1) = 0. This means that all
levels of degeneracy until ∆(k), are identically zero. This is the case of Lovelock Unique
Vacuum (LUV) theories [17, 16].
c) When A,B 6= 0, the only way to have non-trivial coefficients is that both terms (along
∆(k) and ∆(k+1)) in eq.(3.32) are of the same order
y = 2(D−1)−2k
k
, (3.33)
and in which case the coefficient is
B =−∆
(k+1) A2
k∆(k)
=−∆
(k+1)
k∆(k)
(
µ
∆(k)
) 2
k
. (3.34)
In this way, for a degenerate vacuum with multiplicity k, we find the behavior of the solu-
tion as
f (r )= κ+ r
2
`2eff
+
( −µ
∆(k)r D−2k−1
) 1
k − ∆
(k+1)
k∆(k)2
( −µ2
∆(k)r 2(D−1)−2k
) 1
k
+·· · . (3.35)
The formula reproduces known results in particular cases. For example, standard Schwarzschild-
AdS solution (EH-AdS) is recovered for k = 1 and ∆(k+1) = 0
fSchw−AdS = κ+
r 2
`2eff
− µ
r D−3
. (3.36)
The case of LUV theories (∆(k+1) = 0) is also covered. For Born-Infeld AdS D = 2n and
k = n−1, the solution becomes
fBI−AdS = κ+
r 2
`2eff
+
(−µ
r
) 1
n−1
. (3.37)
The case of Chern-Simons AdS in D = 2n+1 with k = n, is special because the sub-leading
terms starting with r (D−2k−1)/k in the metric (3.35), which vanish in the asymptotic region
for other LUV theories, become constant for CS theories when we k = n. Thus, the falloff
of the metric function drastically changes in CS gravity and it has the slowest falloff from
all LUV theories,
fCS−AdS = κ+
r 2
`2eff
−µ1/n . (3.38)
Both cases were previously reported and extensively studied in the literature [16, 17]. The
general form of the asymptotic solution give us the chance to evaluate relevant quantities
where physical properties of the theory are codified.
3.3 On-shell Weyl tensor vs AdS curvature
By construction, the Weyl tensor corresponds to the traceless part of the Riemann tensor
W µν
αβ
=Rµν
αβ
− 1
D−2 δ
[µ
[αR
ν]
β]+
R
(D−1)(D−2) δ
µν
αβ
, (3.39)
3.3. On-shell Weyl tensor vs AdS curvature 15
where
δ
[µ
[αR
ν]
β] = δ
µ
αR
ν
β−δ
µ
β
Rνα−δναRµβ+δνβR
µ
α. (3.40)
In standard Einstein gravity, it contains information about the propagating gravitational
waves in vacuum. For D < 4, it vanishes identically.
We can compute the on-shell Weyl tensor for EH-AdS by taking the trace of the eq.(2.1)
(with T µν = 0) from where we can obtain the Ricci scalar
R =−D(D−1)
`2
, (3.41)
Inserting it back to the equations of motion, we find the Ricci tensor
Rµν =−
(D−1)δµν
`2
. (3.42)
Taking these results and insert them into the definition of the Weyl tensor that yields its
on-shell form for EH-AdS gravity
W µν(E H)αβ =R
µν
αβ
+ 1
`2
δ
µν
αβ
. (3.43)
On the other hand, we can define the field strength of the SO(D−1,2) group (isomorphic
to AdSD group) when the torsional field vanishes, or just AdS curvature as
Fµν
αβ
=Rµν
αβ
+ 1
`2
δ
µν
αβ
, (3.44)
which vanishes for global AdS. Therefore, in EH-AdS gravity, both the on-shell Weyl tensor
and AdS curvature coincide
W µν(E H)αβ = F
µν
αβ
. (3.45)
In AAdS spacetimes the Ashtekar-Magnon-Das (AMD) [24, 53] formula, gives precisely the
energy of a black hole in terms of the electric part of the Weyl tensor (see Appendix E). Us-
ing (3.45), it was shown in ref.[54] that it is possible to reproduce the AMD formula as a
Noether charge associated to a properly renormalized EH-AdS action.
However, this relation does not hold in higher-curvature theories. For Lovelock-AdS the-
ories, the AdS radius is modified
Fµν
αβ
=Rµν
αβ
+ 1
`2eff
δ
µν
αβ
. (3.46)
Using the equations of motion (3.6), one can compare the on-shell Weyl tensor to the AdS
curvature in Lovelock-AdS gravity arriving to the result
W µν
αβ
= Fµν
αβ
+X µν
αβ
. (3.47)
The tensor X µν
αβ
vanishes in EH case, and contains higher-curvature terms in general case,
X µν
αβ
=
(
1
`2
− 1
`2eff
+ 2H
(D−1)(D−2)
)
δ
µν
αβ
− 1
D−2 δ
[µ
[αH
ν]
β] . (3.48)
Using the solution (3.35 ) and the nonvanishing components of the Riemann tensor (see
Appendix C), we can evaluate all these quantities in order to find their asymptotic form.
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It is straighforward to show that the transversal components of the AdS curvature behave
for large r as
F n1n2m1m2 =
(
− µ
∆(k) r D−1
) 1
k
δ
n1n2
m1m2 +O
(
r−
2(D−1)
k
)
,
F trtr =− (D−2k−1)(D−k−1)2k2
( −µ
∆(k)r D−1
) 1
k +O
(
r−
2(D−1)
k
)
, (3.49)
F r nr m = F tntm = D−2k−12k
( −µ
∆(k)
) 1
k
r−
D−1
k δnm +O
(
r−
2(D−1)
k
)
.
The tensor X µν
αβ
can be written as a difference between the Weyl tensor and the AdS
curvature. Evaluating (3.48), we find
X µν
αβ
∼ (k−1) Aˆk
( µ
r D−1
) 1
k + (k−2) Bˆk
( µ
r D−1
) 2
k +·· · . (3.50)
The coefficients Aˆk and Bˆk account for higher-order correctionsαp≥2 and they identically
vanish in EH gravity (αp≥2 = 0). The above expression singles out k = 1 as a special case
with particular asymptotic behavior of the Weyl tensor.
Consequently, the difference between the Weyl tensor and the AdS curvature in any Love-
lock AdS gravity is subleading in r of order X µν
αβ
= O (µ2/r 2(D−1)/k). This is in agreement
with the known result in EGB AdS gravity [55] for k = 1. Then, the leading order behavior
of the Weyl tensor is
W µν
αβ
∼ Fµν
αβ
∼O
(
1/r
D−1
k
)
. (3.51)
In the next section, we are going to prove that for a given theory with degeneracy k, the
conserved charge formula must contain k powers of the Weyl tensor in order to produce a
finite result that can be interpreted as the mass of the corresponding black hole solution.
17
4 KountertermMethod and Conserved
Charges
The renormalization of gravity in AAdS spaces, as emphasized in chapter 2, is essential
in the holographic computations. It allows to regulate the UV divergences of the dual
CFT by dealing with the IR divergences of the gravity theory. Nevertheless, the standard
procedure is based on a perturbative approach and the level of complexity increases con-
siderably when higher-curvature terms are included.
An alternative method, called Kounterterm renormalization [56, 57], considers the addi-
tion of a boundary term whose existence is linked to topological invariants and transgres-
sion forms.
It is inspired by the fact that the addition of topological invariants to the gravity action
modifies the boundary dynamics and not the bulk dynamics. Concrete evidence shows
that the Einstein-Hilbert AdS action coupled to Gauss-Bonnet, in D = 4, produces correct
conserved and thermodynamic quantities [58, 56].
In any dimensions, the renormalized action has the form
Iren = Ibulk+ cD−1
∫
∂M
d D−1x BD−1(h,K ,R) , (4.1)
where BD−1(h,K ,R) is a boundary term that depends on the boundary metric, the ex-
trinsic curvature, the boundary curvature and cD−1 is coupling constant fixed by requir-
ing a well-defined variational principle. The boundary term has an universal form re-
gardless the theory under consideration being valid from Einstein-Hilbert AdS to any
Lovelock-AdS theory. However, the coupling constant must be fixed depending on the
theory [59, 60].
Finite holographic quantities such as correlation functions [61], entanglement entropy
and Rényi entropies have been obtained using this prescription [62, 63]. Another inter-
esting feature are the conserved quantities. The Kounterterm renormalization produces
finite Noether charges for rotating black holes [56, 64] and, also, higher-derivative gravity
theories [65, 66].
In the extension to Lovelock-AdS theories in D = 2n dimensions, the Kounterterm series
reads
B2n−1 = 2n
p
−h
1∫
0
duδi1...i2n−1j1... j2n−1 K
j1
i1
(
1
2
R
j2 j3
i2i3
−u2K j2i2 K
j3
i3
)
× . . . (4.2)
· · ·×
(
1
2
R
j2n−2 j2n−1
i2n−2i2n−1 −u
2K j2n−2i2n−2 K
j2n−1
i2n−1
)
,
and corresponding coupling constant is
c2n−1 =− 1
16pinG
n−1∑
p=1
pαp
(D−2p)! (−`
2
eff)
n−p . (4.3)
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In D = 2n+1 dimensions, the boundary term takes the form
B2n = 2n
p
−h
1∫
0
du
u∫
0
d t δi1...i2n−1j1... j2n−1 K
j1
i1
(
1
2
R
j2 j3
i2i3
−u2K j2i2 K
j3
i3
+ t
2
`2eff
δ
j2
i2
δ
j3
i3
)
× . . .
· · ·×
(
1
2
R
j2n−2 j2n−1
i2n−2i2n−1 −u
2K j2n−2i2n−2 K
j2n−1
i2n−1 +
t 2
`2eff
δ
j2n−2
i2n−2 δ
j2n−1
i2n−1
)
, (4.4)
with the coupling constant
c2n =− 1
16pinG
 1∫
0
du(1−u2)n−1
−1 n∑
p=1
pαp
(D−2p)! (−`
2
eff)
n−p . (4.5)
4.1 Noether theorem
The Noether theorem [67] is one of the building blocks of modern physics. The theorem
relates the existence of continuous symmetries and conservation laws in a system. This
issue has contributed significantly to the development of many physical theories during
the last 100 years.
Yet, the mechanism of applying the theorem to General Relativity was unclear until 1993
when R. Wald [68] gave a prescription for it. The idea of Wald is based on the invariance
of gravity theories under general coordinate transformations ( diffeomorphisms), and the
spacetime isometries described by Killing vectors.
For a generic Lagrangian density L (g ,R) and a set of Killing vectors {ξµ}, the Noether
current can be constructed by taking diffeomorphic variations δξ ofL with respect to the
fields and derivatives of the fields. These variations corresponds to Lie derivatives along
an isometry of the theory that corresponds to a Killing vector. In fact, the variations of the
metric with respect to infinitesimal coordinate transformations is essentially the Killing
equation
δξgµν =−$ξgµν =−(∇µξν+∇νξµ) . (4.6)
On the other hand, the variations of the Christoffel symbol has the form
δξΓ
µ
βλ
=−$ξΓµβλ =−
1
2
(∇β∇λξµ+∇λ∇βξµ)− 12
(
Rµ
λσβ
+Rµ
βσλ
)
ξσ . (4.7)
Using the above expressions, we can write the variations of the renormalized Lovelock-
AdS action (4.1) that was carry out by Kofinas et al. [59, 60]. This leads to
δξIren = δξIbulk+ cD−1
∫
∂M
d D−1xδξBD−1 , (4.8)
where the first term on the right-hand side is given by
δξIbulk =
∫
M
d D x $ξ
(p−gLbulk)+∂µ (p−g ξµLbulk) . (4.9)
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On-shell, we can identify the surface contributions and using a radial foliation of the
spacetimeM in Gauss-normal coordinates
d s2 =N 2(r )dr 2+hi j (r, x)d xi d x j , (4.10)
where N (r ) is the lapse function and hi j is the induced metric at a fixed r . The outward-
pointing normal to the boundary is nµ = (nr ,ni )= (N ,~0). The variation becomes
δξIren =
∫
∂M
d D−1x nµ
(
1
N
Θµ+
p
−h ξµLbulk+ cD−1nµ∂i (ξi BD−1)
)
, (4.11)
where Θ(ξ) = 1N nµΘµ are the boundary terms associated to the bulk Lagrangian. There-
fore, the Noether current can be identified as
J µ = 1
N
Θµ+
p
−h ξµLbulk+ cD−1nµ∂i (ξi BD−1) . (4.12)
As the current is covariantly conserved, we can introduce the Noether charge as an inte-
gral of the current projected on a normal direction,
Q[ξ]=
∫
∂M
d D−1x
1
N
nµJ
µ (4.13)
In order to obtain the energy of a black hole, the integral must be over a co-dimension 2
surface at fixed time and radial infinity and with a time-like Killing vector.
4.2 Conserved Charges in Lovelock-AdS gravity
The boundary metric hi j admits a time-like ADM foliation
hi j d x
i d x j =−N˜ 2(t )d t 2+σmn
(
d ym + N˜ md t)(d yn + N˜ nd t) , (4.14)
where now
p−h = N˜pσ , with σmn the codimension-2 metric of the asymptotic bound-
ary Σ∞ at constant time, and σ is the determinant. The unit normal to the hypersur-
face is given by u j = (ut ,um)= (−N˜ ,0) and the conserved current (4.12), projected to the
codimension-2 surface, can be written as a tensorial density τˆij . Therefore, the conserved
charges are given by the surface integral
Q(ξ)=
∫
Σ∞
d D−2x
p
σ u j τˆ
j
i ξ
i . (4.15)
The charge density is naturally split in two contributions:
τˆ
j
i = τ
j
i +τ
j
(0)i . (4.16)
Here τ ji , when integrated, can be identified with the mass and angular momentum of the
black hole. In the case of non-degenerate theories, it was argued in refs.[59, 69] that it is
factorizable by the Weyl tensor because it vanishes for global AdS space1. That means, it
1We pointed out in the previous section that Chern-Simons AdS gravity is the only exception in this pro-
cedure and they will be discussed later.
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vanishes for vacuum configurations of the solution space, i.e., global AdS. In even dimen-
sions D = 2n as it is presented in [59, 60], τ j(0)i is identically zero, and the only contribution
comes from
τ
j
i =
1
2n−2
δ
[ j j2... j2n−1]
[i1i2...i2n−1] K
i1
i
[ 1
16piG
n−1∑
p=1
pαp
(2n−2p+1)!R
i2i3
j2 j3
×·· ·
· · ·×R i2p−2i2p−1j2p−2 j2p−1δ
i2p i2p+1
j2p j2p+1 · · ·δ
i2n−2i2n−1
j2n−2 j2n−1 +nc2n−1R
i2i3
j2 j3
· · ·R i2n−2i2n−1j2n−2 j2n−1
]
. (4.17)
In contrast, in odd dimensions D = 2n+1 both contributions of (4.16) are present. They
are given by
τ
j
i =
1
2n−2
δ
[ j j2... j2n ]
[i1i2...i2n ]
K i1i δ
i2
j2
[ 1
16piG
n∑
p=1
pαp
(2n−2p)!R
i3i4
j3 j4
· · ·R i2p−1i2pj2p−1 j2pδ
i2p+1i2p+2
j2p+1 j2p+2 · · ·δ
i2n−1i2n
j2n−1 j2n+
+nc2n
1∫
0
d t
(
R i3i4j3 j4 +
t 2
`2eff
δ
i3i4
j3 j4
)
· · ·
(
R i2n−1i2nj2n−1 j2n +
t 2
`2eff
δ
i2n−1i2n
j2n−1 j2n
)]
, (4.18)
and
τ
j
(0)i =−
nc2n
2n−2
∫ 1
0
du uδ[ j j2... j2n ][i1i2...i2n ]
(
δ
i2
j2
K i1i +δi2i K i1j2
)
F
i3i4
j3 j4
×·· ·×F i2n−1i2nj2n−1 j2n , (4.19)
whereF i jkl is a function of the parameter u
F
i j
kl =R
i j
kl −
(
u2−1)(K ik K jl −K il K jk )+ u2`2effδ[i j ][kl ] (4.20)
Notice that τ j(0)i is not factorizable by the AdS curvature. Thus, τ
j
(0)i gives rise to the vac-
uum energy of the corresponding system. The energy of global AdS space is shifted re-
spect to the Hamiltonian mass by the presence of a vacuum energy. This vacuum energy
can be related to the Casimir energy of the dual CFT using the standard dictionary of the
couplings given by gauge/gravity correspondence.
A power-counting argument suggests the asymptotic falloff of τ ji necessary in order to
produce a finite energy for the theory. If the bulk metric asymptotically behaves given by
eq.(3.35), then we have that
p
σ ∼ O (r D−2), u j ∼ O (r ) and ξ ∼ O (1). The full charge Q(ξ)
must be of order O (1), thus τ ji should be of order O (1/r
D−1) to produce a finite quantity.
In what follows, we manipulate the expression for τ ji in order to make manifest the de-
pendence on the degeneracy conditions which appear at different orders.
4.2.1 Even dimensions D = 2n
The charge density in even dimensions can be expressed as
τ
j
i =
`2n−2eff
16piG2n−2
δ
j j2··· j2n−1
i1···i2n−1 K
i1
i
n−1∑
p=1
pαp(
2n−2p)!
(
1
`2eff
)p−1
R i2i3j2 j3 · · ·R
i2p−2i2p−1
j2p−2 j2p−1 ×[(
1
`2eff
)n−p
δ
i2p i2p+1
j2p j2p+1 · · ·δ
i2n−2i2n−1
j2n−2 j2n−1 − (−1)
n−p R i2p i2p+1j2p j2p+1 · · ·R
i2n−2i2n−1
j2n−2 j2n−1
]
. (4.21)
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where we have used the explicit form of the coupling c2n−1. The above expression is in
fact a polynomial of order n−1 in the Riemann curvature. For a particular vacuum with
degeneracy k, this may be rearranged in order to express the polynomial as a product of
k AdS curvatures times a polynomialP (R) of order n−1−k in the curvature
τ
j
i =
`2(n−1)eff
16piG 2n−2
δ
j j2··· j2k j2k+1... j2n j2n−1
i1i2···i2k i2k+1...i2n i2n−1 K
i1
i
(
R i2i3j2 j3 +
1
`2eff
δ
i2i3
j2 j3
)
× . . .
· · ·×
(
R i2k i2k+1j2k j2k+1 +
1
`2eff
δ
i2k i2k+1
j2k j2k+1
)
P
i2k+2···i2n−1
j2k+2··· j2n−1 (R), (4.22)
whereP (R) (see explicit construction in Appendix D.1) reads
P
i2k+2···i2n−1
j2k+2··· j2n−1 (R)=
n−k−1∑
s=0
k+s∑
p=k
∆(p)(Ck+s,p )
i2k+2···i2n−2s−1
j2k+2··· j2n−2s−1×(
R i2n−2s i2n−2s+1j2n−2s j2n−2s+1 +
1
`2eff
δ
i2n−2s i2n−2s+1
j2n−2s j2n−2s+1
)
· · ·
(
R i2n−2i2n−1j2n−2 j2n−1 +
1
`2eff
δ
i2n−2i2n−1
j2n−2 j2n−1
)
(4.23)
In general, the construction of the coefficients Ck+s,p is involved. As it would become
clear later, for our purpose, the problem reduces to obtaining a single coefficient.
In order to obtain the mass, we must evaluate the charge in the asymptotic region where
the bulk curvature tensor behaves as in eq.(2.3) and the extrinsic curvature behaves as
K ij ∼−
1
`eff
δij +O (1/r 2) . (4.24)
As we argued in the last section, the correct behavior of the charge must be τij ∼O (1/r D−1).
Given the falloff of the AdS curvature in eq.(3.50), the polynomial is reduced to order
P ∼O (1). This amounts to evaluate all the curvatures in the polynomial just at the leading
order. In this case, the only nonvanishing the coefficient is
(Ckk )
i2k+2···i2n−1
j2k+2··· j2n−1 =
(−1)k−1
2(2n−3)!`2(n−2)eff
δ
i2k+2i2k+3
j2k+2 j2k+3
· · ·δi2n−2i2n−1j2n−2··· j2n−1 (4.25)
what leads to
P
i2k+2···i2n−1
j2k+2··· j2n−1 (−`
−2
effδ
[2])=− (−1)
k∆(k)
2(2n−3)!`2(n−2)eff
δ
i2k+2i2k+3
j2k+2 j2k+3
· · ·δi2n i2n−1j2n j2n−1 . (4.26)
Evidently, this quantity is valid only on an AAdS branch of degeneracy k. Replacing the
asymptotic form of the extrinsic curvature given by eq.(4.24) and the relation between the
AdS curvature and the Weyl tensor as shown in eq.(3.51), we find that
τ
j
i =
`eff(−1)k∆(k)
16piG 2n−1(2n−3)! δ
j j2··· j2k j2k+1... j2n j2n−1
i i2···i2k i2k+1...i2n i2n−1 W
i2i3
j2 j3
· · ·W i2k i2k+1j2k j2k+1 ×
×δi2k+2i2k+3j2k+2 j2k+3 · · ·δ
i2n i2n−1
j2n j2n−1 . (4.27)
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Contracting the Kronecker deltas, the charge adquires the form of k-th power in the Weyl
tensor, as expected,
τ
j
i =
`eff(−1)k∆(k)(2n−2k−2)!
16piG 2k (2n−3)! δ
j j2··· j2k j2k+1
i i2···i2k i2k+1 W
i2 i 3
j2 j3
· · ·W i2k i2k+1j2k j2k+1 . (4.28)
Remarkably, for k = 1, the last equation reduces to a known linear expression in the Weyl
tensor. As a matter of fact, the above formula corresponds to the generalization of the
Ashtekar-Magnon-Das mass [24, 53] for nondegenerate Lovelock-AdS gravity (see Ap-
pendix E).
4.2.2 Odd dimensions D = 2n+1
We proceed similarly as in even dimensions, considering eq.(4.18) rewritten in a conve-
nient way as
τ
j
i =
(2n−1)!(−`2eff)n−1
23n−4(n−1)!216piG δ
j j2··· j2n
i1···i2n K
i1
i δ
i2
j2
n∑
p=1
(−1)p pαp `2(1−p)eff
(2n−2p+1)!
∫ 1
0
du (Ip )
i3···i2n
j3··· j2n (u) , (4.29)
where the tensorial quantityIp (u) is a polynomial in the curvature
Ip (u)=
(
R+ u
2
`2eff
δ[2]
)n−1
− (u2−1)n−1(−R)p−1
(
1
`2eff
δ[2]
)n−p
. (4.30)
The limiting case corresponds to Chern-Simons AdS gravity which is the maximally de-
generate theory in odd dimensions (k = n). As previously observed, this case is special
and τ ji vanishes identically. Thus, we are going to restrict our analysis for theories with
k < n. We shall rearrange the expression as in the even dimensional case, casting the
charge density in the form
τ
j
i =
22n−2(n−1)!2`2(n−1)eff
2n−2(2n−1)!16piG δ
j j2··· j2k j2k+1... j2n j2n−1
i1i2···i2k i2k+1...i2n i2n−1 K
i1
i
(
R i2i3j2 j3 +
1
`2eff
δ
i2i3
j2 j3
)
× . . .
· · ·×
(
R i2k i2k+1j2k j2k+1 +
1
`2eff
δ
i2k i2k+1
j2k j2k+1
)
P
i2k+2···i2n−1
j2k+2··· j2n−1 (R) , (4.31)
where once again, P (R) is a polynomial in the curvature tensor of order n−k −1. Using
the same reasoning as in the even dimensional case, it is possible to write the polynomial
Pˆ in terms of the degeneracy condition functions Del t a(p) order by order in p
P
i2k+2···i2n−1
j2k+2··· j2n−1 (R)=
n−1−k∑
s=0
k+s∑
p=k
∆(p)(Ck+s,p )
i2k+2···i2n−1
j2k+2··· j2n−1 F
i2n−2i2n−1
j2n−2 j2n−1 · · ·F
i2n−2i2n−1
j2n−2 j2n−1 , (4.32)
where Ck+s,p are coefficients to be determined. Evaluating the polynomial in the asymp-
totic region, we find
P
i2k+2···i2n−1
j2k+2··· j2n−1 (−`
−2
effδ
[2])=∆(k)(Ckk )i2k+2···i2n−1j2k+2··· j2n−1 (4.33)
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where the coefficient turns to be
(Ckk )
i2k+2···i2n−1
j2k+2··· j2n−1 =
(−1)n−k−1 22n−3 (n−1)!2
(2n−1)! `
2
effδ
i2k+2i2k+3
j2k+2 j2k+3
· · ·δi2n i2n−1j2n j2n−1 . (4.34)
Taking the behavior of the extrinsic curvature (4.24), bulk curvature (2.3) and the relation
between the AdS curvature with the Weyl tensor, we can evaluate the charge asymptoti-
cally obtaining
τ
j
i =
`eff(−1)k∆(k)
16piG 2n−1(2n−2)! δ
j j2··· j2k j2k+1... j2n j2n−1
i i2···i2k i2k+1...i2n i2n−1 W
i2i3
j2 j3
· · ·W i2k i2k+1j2k j2k+1 ×
×δi2k+2i2k+3j2k+2 j2k+3 · · ·δ
i2n i2n−1
j2n j2n−1 . (4.35)
Contracting the antisymmetric deltas, the charge density has similar form as in even
dimensions, see eq.(4.28). Namely, it is polynomial of order k in the Weyl tensor,
τ
j
i =
`eff(−1)k∆(k)(2n−2k−1)!
16piG 2k (2n−2)! δ
j j2··· j2k j2k+1
i i2···i2k i2k+1 W
i2i3
j2 j3
· · ·W i2k i2k+1j2k j2k+1 (4.36)
This last expression is valid for theories with degeneracy level in the interval 1≤ k ≤ n−1.
Once again, it reduces to Conformal Mass when k = 1 (E.6). For k = n (CS AdS gravity),
the charge vanishes identically.
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5 Conclusions
In this thesis, we have found a direct link between the multiplicity of a given branch of
Lovelock-AdS gravity and the non-linearity of its conserved charges. Taking as a starting
point a finite definition of conserved quantities, we have explicitly shown that they can be
expanded in q powers of the Weyl tensor. For a theory with degeneracy k, all the divergent
orders of the expansion, i.e., (W e yl )q with q < k, vanish. Therefore, the leading part of the
charge in D dimensions contains a product of k Weyl tensors
τ
j
i =
(−1)k`eff ∆(k)(D−2k−2)!
16piG 2k (D−3)! δ
j j2··· j2k j2k+1
i i2···i2k i2k+1 W
i2i3
j2 j3
· · ·W i2k i2k+1j2k j2k+1 . (5.1)
The degeneracy condition (3.18) as an overall factor in the charges shows the validity of
the formula for a particular gravity theory with multiplicity k.
The expression (5.1) can be applied to calculate the mass in Lovelock Unique Vacuum
theories. In the maximally degenerate case of even dimensions D = 2n (k = n − 1), i.e.,
Born-Infeld AdS gravity, the charge is a product of n− 1 Weyl tensors or AdS curvatures
that is proportional to a linear expression in the total energy of the black hole [22] and
matches with the result in ref.[16, 70].
On the other hand, τ ji is identically zero for Chern-Simons AdS gravity (D = 2n+1). The
last term in the charge expansion does not contribute and all the other orders vanishes
due to the condition (3.18). From the point of view of the black hole solution, the mass
parameter does not falls off, and there is a mass gap with respect to global AdS [16]. As the
charge is always factorizable by the AdS curvature, the energy can not come from there.
Instead, the mass for black holes in such a theory must come from τ(0) what indicates
a qualitative difference between CS AdS and theories with k < n. This is somewhat ex-
pected, as the mass term in f (r ) is a constant, can be interpreted as a massive state with
respect to the one given by global AdS vacuum.
Our result provides insight on holographic properties of degenerate theories as is the case
of CS AdS gravity whose CFT dual description is of an unusual sort [71, 72, 73, 74]. In par-
ticular, the connection between the CT coefficient in holographic correlation functions
and the first degeneracy condition has been recently emphasized in [75, 76, 77]. Never-
theless, as this coefficient is related to the a-charge in the A-type anomaly [78, 79], our
results suggest that for a more general scenario, the computations may involve the con-
tribution of higher degeneracy conditions.
We are on the way to further understand holographic consequences of the above results.
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A Generalized Kronecker Delta
The Levi-Civita tensor in D dimensions is completely antisymmetric tensor density de-
fined by
εµναβγ... =

+1 if (µ,ν,α,β,γ, . . . ) is an even permutation of (0,1,2, . . . ,D−1)
−1 if (µ,ν,α,β,γ, . . . ) is an odd permutation of (0,1,2, . . . ,D−1)
0 if any two labels are the same.
The generalized anti-symmetric Kronecker delta of rank D is totally antisymmetric tensor
defined by
εν1...νpεµ1...µp = δ[ν1...νD ][µ1...µD ] :=
∣∣∣∣∣∣∣∣∣
δ
ν1
µ1 δ
ν2
µ1 · · · δνDµ1
δ
ν1
µ2 δ
ν2
µ2 · · · δνDµ2
...
. . .
δ
ν1
µD δ
ν2
µD . . . δ
νD
µD
∣∣∣∣∣∣∣∣∣ . (A.1)
The contraction of k≤D indices of a generalized Kronecker delta of rank p and k Kro-
necker symbols what gives a Kronecker delta of rank p−k,
δ
[ν1...νk ...νp ]
[µ1...µk ...µp ]
δ
µ1
ν1 · · ·δ
µk
νk =
(D−p+k)!
(D−p)! δ
[νk+1...νp ]
[µk+1...µp ]
, (A.2)
where D is the range of the indices.
The explicit form of the Kronecker delta of rank 2 is
δ
[µν]
[αβ] := δ
µν
αβ
= δµαδνβ−δ
µ
β
δνα (A.3)
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B Gauss-normal foliation
For a spacetimeM endowed by a metric, the local coordinates xµ = (r, xi ) can always be
chosen in the Gauss-normal form, such that the line element becomes
d s2 =N 2(r )dr 2+hi j (r, x)d xi d x j , (B.1)
where hi j is the induced metric at a fixed radial coordinate r . This form of the metric is
particularly useful to express the bulk quantities in terms of the boundary tensors. In this
frame, the extrinsic curvature is defined by the formula
Ki j =−1
2
Lnhi j =− 1
2N
∂r hi j , (B.2)
whereLn is the Lie derivative along a radial normal nµ =Nδrµ. The foliation leads to the
Gauss-Codazzi relations that are the components of the Riemann tensor decomposed in
the given frame,
R i rj l =
1
N
(∇l K ij −∇ j K il ) ,
R i rj r =
1
N
∂r K
i
j −K inK nj , (B.3)
R i kj l = Ri kj l (h)−K ij K kl +K il K kj .
Here, ∇ j = ∇ j (h) is the covariant derivative defined with respect to the induced metric
andRi kj l (h) is the intrinsic curvature of the boundary ∂M . The indices on the right hand
side of (B.3) are lowered and rised by the induced metric and its inverse.
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C Properties of the Riemann andWeyl
tensor
The Riemann tensor measures a deviation of a given metric from the flat space, and its
components are given by
Rµ
ναβ
= ∂αΓµβν−∂βΓ
µ
αν+ΓµαρΓρβν−Γ
µ
βρ
Γ
ρ
αν . (C.1)
It has the following properties and symmetries,
Rµν =Rρµρν , (Ricci tensor) (C.2)
Rµρ
αβ
= gρνRµ
ναβ
, (C.3)
R =Rµνµν , (Ricci scalar) (C.4)
Rµναβ =Rαβµν , (C.5)
Rµ[ναβ] = 0, (First Bianchi identity) (C.6)
Rµν[αβ;ρ] = 0. (Second Bianchi identity) (C.7)
For a static spherically symmetric black hole with metric (3.21) in the local coordinates
xµ = (t ,r, ym), the only nonvanishing components of the Riemann tensor are
R trtr =−12 f ′′ , Rr nr m =R tntm =−
f ′
2r δ
n
m ,
Rn1n2m1m2 = k− fr 2 δ
n1n2
m1m2 .
(C.8)
On the other hand, the Weyl tensor is defined by
W µν
αβ
=Rµν
αβ
− 1
D−2 δ
[µ
[αR
ν]
β]+
R
(D−1)(D−2) δ
µν
αβ
, (C.9)
where the antisymmetrization
δ
[µ
[αR
ν]
β] = δ
µ
αR
ν
β−δ
µ
β
Rνα+δνβR
µ
α−δναRµβ . (C.10)
If we introduce the Schouten tensor
Sµν =
1
D−2
(
Rµν −
1
2(D−1)δ
µ
νR
)
, (C.11)
then the Weyl tensor can be expressed in terms of the Schouten and Riemann tensor as
W µν
αβ
=Rµν
αβ
−S[µ[αδν]β] . (C.12)
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Using the properties of the Riemann tensor, the Weyl tensor satisfies
W µνµν = 0, (C.13)
W µανα = 0, (C.14)
Wµναβ =W[µν][αβ] , (C.15)
Wµναβ =Wαβµν , (C.16)
Wµ[ναβ] = 0. (C.17)
We define the electric part of the Weyl tensor as
E ji =
1
D−3 W
jµ
iν nµn
ν , (C.18)
where xi = (t , ym) are the coordinates on the boundary and nµ is a spacelike normal to
the boundary.
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D Explicit factorization of the charge
For the sake of simplicity, we have used a shorthand notation where δ[k] denotes the an-
tisymmetric Kronecker delta of rank k, that is, δ j1··· jki1···ik .
In turn, δ j [k]i [k] corresponds to a totally antisymmetric Kronecker delta of rank (k +1) with
the indices i and j fixed. This means that δ j j1··· jki i1···ik ≡ δ
j [k]
i [k] .
Additionally, we can redefine some parameters in order to make the computations sim-
pler. For instance, the degeneracy condition (3.18) can be expressed as
∆(q) =
n−1∑
p=q
(
p
q
)
`
2(q−p)
eff βp , (D.1)
where the coefficients βp includes the Lovelock couplings αp and all the other dimen-
sionless factors,
βp =
(−1)p−1(D−3)!αp
(D−2p−1)! . (D.2)
We will extensively use the tensorial quantity
F = A+R = 1
`2eff
δ[2]+R , (D.3)
that is nothing but the AdS curvature defined in eq.(3.46).
D.1 Even dimensions
Consider the charge (4.21) written in the shorthand notation as
τij =
`2(n−1)eff
16piG 2n−2
δ
[2n−1] j
m K
m
i f , (D.4)
where we introduced the auxiliary function
f (R,δ[2])=
n−1∑
p=1
pαp`
2(1−p)
eff R
p−1
(2n−2p)!
[(
1
`2eff
δ[2]
)n−p
− (−R)n−p
]
. (D.5)
The function f can be written in terms of (D.2) and (D.3) as
f = 1
2(2n−3)!
n−1∑
p=1
pβp`
2(1−p)
eff
n−p
[
(A−F ) p−1 An−p − (A−F ) n−1] . (D.6)
We are interest in the Lovelock AdS gravities where the Lovelock coefficients αp are
such that the theory has a degenerate AdS vacuum of order k given through the criterion
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(3.18). Our main goal is to show that f can be factorizable and cast to the form
f = (A+R)kP (R) . (D.7)
In that way, the problem is reduced to obtain the form of the polynomial P (R). To this
end, we have to expand the binomials of the function (D.6) in series
f = 1
2(2n−3)!
n−1∑
p=1
pβp`
2(1−p)
eff
n−p
(
p−1∑
q=1
(−1)q (p−1)!
q !
(
p−1−q)!
−
n−1∑
q=1
(−1)q (n−1)!
q !
(
n−1−q)!
)
F q An−1−q , (D.8)
whose first term, q = 0 cancels identically giving a sum starting from q = 1. Therefore, the
power series takes the form
f =
n−1∑
q=1
fq F
q . (D.9)
The coefficients fq are in fact a linear combination of degeneracy conditions ∆(p) in
any dimension
fq =
q∑
p=1
Cqp∆
(p) , (D.10)
where Cqp are constant tensorial coefficients. Nevertheless, this is not clear as first sight
from the formula (D.8). Indeed, we can expand explicitly the first few terms of the series
f = 1
2(2n−3)!
n−1∑
p=1
pβp`
2(1−p)
eff
(
F An−2− p+n−3
2
F 2 An−3
+ p
2+np−6p+n2−6n+11
6
F 3 An−4+O (F 4)
)
. (D.11)
and using the definition (D.1), we can write
q !∆(q)`2(1−q)eff =
n−1∑
p=q
p(p−1) · · · (p−q +1)`2(1−p)eff βp , (D.12)
the auxiliary function becomes
f = 1
2(2n−3)!
[
∆(1)F An−2−
(
n−2
2
∆(1)+`−2eff ∆(2)
)
F 2 An−3
+
(
n2−5n+5
6
∆(1)+ n−3
3
`−2eff ∆
(2)+`−4eff ∆(3)
)
F 3 An−4+O (F 4)
]
.
This last expression possess the desire form D.10. For a given vacuum of degeneracy q ,
the only nonvanishing coefficient in the series will be Cqq . It can be shown that this coef-
ficient corresponds to
Cqq =
(−1)q−1`2(1−q)eff An−1−q
2(2n−3)! =
(−1)q−1δ[2]n−1−q
2(2n−3)!`2(n−2)eff
. (D.13)
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Then, evaluating in the density tensor (D.4) with all the indices yields
τ
j
i =
(−1)k`eff∆(k)
16piG 2n−1(2n−3)! δ
j j2··· j2k j2k+1... j2n j2n−1
i i2···i2k i2k+1...i2n i2n−1 W
i2i3
j2 j3
· · ·W i2k i2k+1j2k j2k+1 ×
×δi2k+2i2k+3j2k+2 j2k+3 · · ·δ
i2n i2n−1
j2n j2n−1 . (D.14)
Using the identity (A.2) we can contract the deltas in the above expression
δ
j j2··· j2k j2k+1... j2n j2n−1
i i2···i2k i2k+1...i2n i2n−1 δ
i2k+2i2k+3
j2k+2 j2k+3
· · ·δi2n i2n−1j2n j2n−1 = 2
n−k−1 (2n−2−2k)!δ j j2··· j2k j2k+1i i2···i2k i2k+1 , (D.15)
arriving to
τ
j
i =
(−1)k`eff∆(k) (2n−2−2k)!
16piG 2k (2n−3)! δ
j j2··· j2k j2k+1
i i2···i2k i2k+1 W
i2i3
j2 j3
· · ·W i2k i2k+1j2k j2k+1 . (D.16)
D.2 Odd dimensions
Let us write the starting expression eq.(4.29) written in terms of the auxiliary function f
as
τij =
(−1)n(2n−1)
16piG(23n−4)(n−1)!2 δ
[2n−1] j Ki f , , (D.17)
where
f =
n∑
p=1
pβp `
2(n−p)
eff
2n−2p+1
1∫
0
duIp (u) . (D.18)
Here, Ip (u) corresponds to eq.(4.30). Similarly as in the even dimensional case, we are
going to expand f as a power series in terms of F , as (D.9). Using the redefinitions, the
tensorial quantityIp (u) acquires the form
Ip =
(
F − A+u2 A)n−1− (u2−1)n−1 An−p (A−F )p−1 . (D.19)
If we expand the binomials
(
F − A+u2 A)n−1 and (A−F )p−1, the integrand in (D.18) be-
comes
Ip =
(
n−1∑
q=0
(n−1)!(u2−1)n−1−q
q !
(
n−1−q)! −
p−1∑
q=0
(−1)q (p−1)!(u2−1)n−1
q !
(
p−1−q)!
)
An−1−q F q . (D.20)
We can drop the term q = 0 which is cancelled identically. Therefore, the integral in u can
be done using the following identity
1∫
0
du
(
u2−1)n−1 = (−1)n−1 22n−2(n−1)!2
(2n−1)! , (D.21)
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yielding to
1∫
0
duIp = (−1)n−1 22n−2 (n−1)!
(
n−1∑
q=1
(n−q −1)!
22q (2n−2q −1)!
− (n−1)!
(2n−1)!
p−1∑
q=1
(−1)q (p−1)!(
p−1−q)!
)
(−1)q
q !
An−1−q F q . (D.22)
Then, the auxiliary function takes the form of
f = (−1)n−1 22n−2 (n−1)!
n∑
p=1
pβp `
2(n−p)
eff
2n−2p+1
(
n−1∑
q=1
(−1)q (n−q −1)!
22q q !(2n−2q −1)!
− (n−1)!
(2n−1)!
p−1∑
q=1
(−1)q (p−1)!
q !
(
p−1−q)!
)
An−1−q F q . (D.23)
Proceeding in a similar way as in the even dimensional case, the coefficients in the
expansion can be cast in such a way that they can be identified as the coefficients fq which
are of the form (D.10). A straightforward expansion of the above series gives the first few
terms
f = (−1)
n 22n−3 (n−1)!2
(2n−1)!
n∑
p=1
pβp `
2(n−p)
eff
(
An−2F − 2n+2p−5
4
An−3F 2
+ 4p
2+4pn−22p+4n2−20n+33
24
An−4F 3+O (F 4)
)
. (D.24)
Writing the coefficients in terms of the degeneracy condition (D.1), it gives
f = (−1)
n 22n−3 (n−1)!2
(2n−1)!
[
`2(n−1)eff ∆
(1) An−2F
−
(
`2(n−2)eff ∆
(2)+ 2n−3
4
`2(n−1)eff ∆
(1)
)
An−3F 2
+
(
`2(n−3)eff ∆
(3)+ 2n−5
6
`2(n−2)eff ∆
(2)+
+ (2n−3)(2n−5)
24
`2(n−1)eff ∆
(1)
)
An−4F 3+O (F 4)
]
. (D.25)
As we have mentioned before, for a degenerate branch of order q , the only nonvanishing
term is the coefficient Cqq which is determined as
Cqq = (−1)
n−q−1 22n−3 (n−1)!2
(2n−1)! `
2(n−q)
eff A
n−q−1
= (−1)
n−q−1 22n−3 (n−1)!2
(2n−1)! `
2
effδ
[2]n−q−1 . (D.26)
Having this, the charge density (D.17) with all the indices becomes
τij =
(−1)k `eff∆(k)
16piG 2n−1(2n−2)! δ
j j2··· j2k j2k+1... j2n j2n−1
i i2···i2k i2k+1...i2n i2n−1 W
i2i3
j2 j3
· · ·W i2k i2k+1j2k j2k+1 ×
×δi2k+2i2k+3j2k+2 j2k+3 · · ·δ
i2n i2n−1
j2n j2n−1 . (D.27)
D.2. Odd dimensions 37
Once again, using the identity (A.2), we can contract the deltas and find the final mass
formula in odd dimensions
τij =
(−1)k `eff∆(k) (2n−2k−1)!
16piG 2k (2n−2)! δ
j j2··· j2k j2k+1
i i2···i2k i2k+1 W
i2i3
j2 j3
· · ·W i2k i2k+1j2k j2k+1 . (D.28)
Note that the maximal degree of τ ji in F from the formula (D.23) is of order F
n−1 and
therefore, the charge density only contains coefficients ∆(q) until ∆(n−1) . It implies that,
in the case of Chern-Simons AdS gravity, where all the coefficient∆(q) vanish, except∆(n),
the charge will be
τ
j
CS,i = 0, k = n , (D.29)
and the energy of CS AdS black holes is fully contained in τ j(0)i .

39
E Conformalmass in Lovelock-AdS
gravity
Conformal Mass is the expression for energy in AAdS spacetimes [24, 53]. It was con-
structed using the Penrose’s conformal completation techniques where the conformal
boundary is brought to the finite distance by means of a conformal transformation in
order to define finite quantities in the spacetime.
When the AdS vacuum is non-degenerate (k = 1), the charge density tensor is linear in the
Weyl tensor,
τ
j
i ∼∆′(`−2eff )δ
j j2 j3
i i2i3
W i2i3j2 j3 . (E.1)
Expanding the contractions of the Weyl tensor,
δ
j j2 j3
i i2i3
W i2i3j2 j3 = 2
(
δ
j
i W
kl
kl −2W
k j
ki
)
, (E.2)
and using the fact that the Weyl tensor is traceless, we can show that
W klkl = 0, W
µ j
µi =W
r j
r i +W
k j
ki = 0. (E.3)
In doing so, we find
δ
j j2 j3
i i2i3
W i2i3j2 j3 = −4W
k j
ki = 4W
r j
r i . (E.4)
By definition, the electric part of the Weyl tensor in D dimensions is defined by
E ji =
1
D−3 W
r j
r i , (E.5)
where we have replaced the following components of the normal to the boundary nµ =
(nr ,ni )= (N ,0). Then, we obtain
τ
j
i =−
`eff
8piG
∆′(`−2eff )E
j
i . (E.6)
which is the Conformal Mass in Lovelock-AdS gravity theories with a non-degenerate AdS
vacuum.
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